Chapter 4

Sobolev Spaces.

4.1 Generalized derivatives

Let f(z) and g(z) be two functions on R. What does it mean to say g(z) is
the derivative of f?7 Clearly the different quotient

gute) = LT =10

must converge to g. The sense in which the convergence takes place is to
be specified. Here are some possibilities. Uniform convergence on finite
intervals.

sup |gn(z) — g(z)| =0

a<x<b
for every finite interval [a, b]. Require that for every z or for almost all z.

i £ 1) = (@)

h—0 h

= g(x)

point wise. This is not easy to work with unless f is known a priori to
be absolutely continuous. Another possibility is to require that for some

1<p<oo
flz+h) - f(z)
h

lim | —g(@)ll, =0

h—0

or locally for every finite interval [a, b],

lim/ |f(x + h})L — @) g(x)|Pdx =0

h—0
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42 CHAPTER 4. SOBOLEV SPACES.

One could avoid all limits and require that

b
ﬂw—ﬂwzjgqu

which can be a problem if f is only known a priori to be a function in L.
What makes sense always is to demand that for any smooth function ¢ with
compact support

/ ¢ () f(z)dzx + / S()g(x)dz = 0

We only need to assume only that f and g are locally in L;[a, b] on any finite
interval. Another possibility is to consider a smoothened version

ﬂ@%=/f@—ywdw@

where ¢ (z) = t¢(%) and #(-) is a nonnegative compactly supported in-
finitely differentiable function with [*° 4 (y)dy = 1. Ask now that g = f!
have a limit g as e — 0, either uniformly on bounded sets, or in L,(R) or
L,la,b].

The Sobolev spaces Wy ,(R?) are defined as the space of functions u on
R? such that u and all its partial derivatives DI --- D2y of order n =
ni+---+nqg < karein L,. We could start with C'*° functions with compact

support on R? and complete it in the norm ||ul|;,, defined by

lully,, = > 1Dz, - - Dygull; (4.1)
ny,eng
0<n=nq+---+ny<k
If p = 2, in terms of Fourier Transforms,

s = [ FOL X b s

MY yeens ngq
0<ny+--+nyg<n

4.2 Embedding Theorems.

If we L, and Dju = % € L, forv=1,2...,d, one should expect u to be
more regular than a function in L,. If d =1,

|u(b) = u(a)] S/ [/ (2)|dz < |a— bl ||
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Showing that u is Holder continuous of order 1 — %D. What is the situation if
d> 27

Let us consider the operator A which in terms of Fourier transforms is
. . . 1
multiplication by (1 + |£]?)~2

~ 1
Au)(€) = ———
= e

and consider its represenation by the kernel

u(€)

(Au)a) = [ e+ )alu)iy

where

e—z<:c &> - £> HAE[2)
a(x) = cd/ / / TSz dﬁdt
Rs (14 [€]?) % Rd Vit
© et a2 /°° 2 1 dt
=k —e i dt = et e
d/o 5 led v/ 5

decays very rapidly at oo, is smooth for x # 0 and has a singularity of order
|z|*~¢ near the origin for d > 2 and a logarithmic singularity at 0 when d = 1.
In particular a(-) € L, for ¢ < 5% . By Hdélder’s inequality, A will map L,
into L, for p > d. If p=d and d > 1 the result is false. Let us take d = 2
and a nonnegatlve function f with compact support such that f € L, but
f B2 \x\ @) g = co. We saw that A f has a singularity at 0. Let us consider

u = Dy(Af). Clearly

2 _ o2 5% N2 2 2
[ull; = [lullz = /R o |§|2|f(£)| dg < || fllz = 11112

By Young’s inequality any K € L, maps L, — L, provided zlo — 1% =1- %.
Therefore f € W;, implies f € L, so long as % — i < é. By induction
f € Wy, implies that f € W;, implies f € L, so long as zlo_z% < %)
Therefore on R?, f € W}, implies the continuity of f if k > d

Actually one can prove a stronger result to the effect that if 1 o z% =

1
E.
then Wy, C Ly as long as 1 < p’ < co. This requires the following theorem.
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Theorem 4.1. Let T, be the operator of convolution by the kernel |z|*~¢ on
R,
(Taf)(@) = | Jyl*"f (@ +y)dy (4.2)
R

Then T, is bounded from L, to Ly provided 1 < p < g and i = 7

1
p

Proof. First, we note that for a > 0, T, is well defined on bounded functions
with compact support. We start by proving a weak type inequlity of the
form

WW

pla [(Tuf)(@)] 2 4] < C=5=

For any choice of 1 < p < g let f € L,. We can assume without loss of
generality that f > 0. We write

(Yzfﬂx)=1%°<|yP‘ff@f+@Ddy+:/m 1y (e + y)dy

ly|>p
< up + U

and estimate uy, ug by

[ually < Crp®l[ £l

uwug(/ 1y
ly|>p

202\\f\\p)
¢

1
IS

waﬂo 1l = Copt4

We can now pick p = ( T and estimate sup, us(z) < L as well

e o) > L < eI %Omﬂ C%y%)

2Lop L=
—ap q

as

[\

0

SR L
Ul

where g =

Now, an application of Marcinkiewicz interpolation gives boundedness
from L, to L, in the same range and with the same relation between p and

q.
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What about the trace of a function on a lower dimensional set? For
example if w € R" € W,,, » what can one say about the function

U(l'la"' 71.]6) :U(.’L'l,...,xk,o,...,())
the restriction of u to a k dimensional hyperplane.

Theorem 4.2.

V]l nz oy < Clluallm,z

Lose % derivative for each restriction to co-dimension 1.

Proof. Assume k =n — 1. Let u(y, ..., y,) be the Fourier transform.

i)\(ylw"aynfl) :/a(ylaayn)dyn

o

/ 1 {I/ﬂ(yl,---,yn)dynlﬂ [1+|y1|2+---+|yn1|2] Jdy; - - dyn—1
Rn— R

Write

m
2

Wyt, - yn) =0y, y) L P4 P2 [+ P+ 4 vl

m
2

By Schwartz inequality

/ I/ﬂ(yl,---,yn)danQdyl---dyn1
r-1 JR

< |a|m,2|2{ sup /[1 i+ + a2 F

Y1,--Yn—1

m—1
2

/[1 P+ T 2 dy, < CIL+ |y + - + [y ]

provided m > % O
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4.3 Fractional Derivatives.

We can also define the fractional derivative operarors

flx+y)— f(m)dy

|y|d+a

(IDI"f) () =

Rd

(4.3)

for 0 < a < 2. A calculation shows that in terms of Foirier transforms it is
multiplication by

et<&y> _ "
o =l

Therefore | D|* and T, are essentially (upto a constant) inverses of each other.
If » > 0 is written as k 4+ a, where k is a nonnegative integer and 0 < a < 1,
then one defines the norm corresponding to r** derivative by

lullp = > DM Dytull,+ > DY+ Dytullay (4.4)
>ini<k 2o ni=k

where for 0 < a < 1, ||ullap = |||D]*u||,. This way the Sobolev spaces W,
are defined for fractional derivatives as well.

Theorem 4.3. The inclusion map is well defined and bounded from W, ,
into Wy 4 provided s < r, 1 < p < q < oo, and % >

1 r—s
P d -

The extreme

r—s

value of ¢ = oo is allowed if % > % - ==

Proof. We can assume without loss of generality that 0 < r—s < 1. We can
go from W, , to Wy, in a finite number of steps, with 0 <r —s < 1 at each
step. We write Z = cq,7,|D|* where a = r — s. By definition |D|* maps
W, boundedly into W ,,. By the earlier theorem 7, maps W, , boundedly
into W 4. Although we proved it for s = 0, it is true for every s because 7},
commutes with |D|*. The cae ¢ = oo is covered as well by this argument. [

4.4 Generalized Functions.

Let us begin with the space Wj . This is a Hilbert Space with the inner
product

d
<o [ Y fugalde = [ fida
1
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where h = g — chl Gasz;- Oince g € Wio, gz, € Lo and gy, is the derivative
of an Ly function. In fact since we can write [ fg,.dz as — [ f,.gdz, Any
derivative of an Ly function can be thought of as a bounded linear functional
on the space Wi . A simlar reasoning applies to all the spaces W,.,, . The
dual space of W, , is W_, , where zlo + % =1.

For a function to be in L, its singularities as well as decay at oo must be
controlled. We can get rid of the condition at co by demaniding that f be
in L,(K) for every bounded set K or equivalently by insisting that ¢f € L,
for every C*° function ¢ with compact support. This definition makes sense
for W, , as well. We say that f € Wff;f it of € W, , for every C* function ¢
with compact support. One needs to check that on W, , mutiplication by a
smooth function is a bounded linear map. One can use Leibnitz’s rule if r is
an integer. For 0 < r < 1 we need the following lemma.

Lemma 4.4. If f € W,, and ¢ € C" withr < ' < 1 i.e. ¢ is a bounded
function satisfying |p(x) — é(y)| < Clz —y|”, for all z,y, then ¢f € W,

Proof. We need to prove
o(y)f(y) — o(z)f(x) ay

Rd ly — |t

g(r) =

is in L,. We can write

The contribution of first term is easy to control. To control the second term
it is sufficient to show that

p [ =0y,

z ly — |t

because

1] Koty < s [ K,

To this end we split the integral into two regions |z —y| < 1 and |z —y| > 1,
use the Holder property of ¢ to obtain an estimate on the integral over
|z —y| <1 and the boundedness of ¢ to get an estimate over |z —y| > 1,
both of which are uniform in x. O



